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INTRODUCTION

The size of most of the marine phytoplankton cells
across various taxonomic groups ranges from <1 to
107 µm3. Many ecological and physiological character-
istics of phytoplankton, such as light absorption (Agustí
1991, Finkel 2001, Fujiki & Taguchi 2002), photosynthe-
sis (Finkel & Irwin 2000, Finkel et al. 2004), nutrient
uptake (Pasciak & Gavis 1974, Aksnes & Egge 1991,
Hein et al. 1995, Sunda & Huntsman 1997, Litchman et
al. 2007), sinking rate (Smayda 1970, Waite et al. 1997)
and metabolic and growth rate (Banse 1976, 1982,
Schlesinger et al. 1981, Blasco et al. 1982, Geider et al.

1986, Tang 1995, Tang & Peters 1995), are related to
cell size. Phytoplankton cell size also determines the
size of their grazers, since zooplankton of different sizes
graze on prey of certain preferred size ranges (Hansen
et al. 1994, Weitz & Levin 2006). Therefore, phytoplank-
ton size structure will determine the productivity of the
phytoplankton community, export of organic carbon to
the ocean interior through sinking and transfer of car-
bon to higher trophic levels through the food web in
the ocean (Legendre & Le Fevre 1989, Chisholm 1992,
Finkel 2007).

In a stratified oligotrophic ocean with a limited nutrient
supply from below the surface mixed layer, phytoplank-
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ton biomass is dominated by picoplankton, while the bio-
mass is dominated by large phytoplankton in eutrophic
oceans such as coastal upwelling regions with high rates
of nutrient supply (Chisholm 1992). On seasonal time
scales, phytoplankton spring blooms dominated by large
diatoms start when the water column is stable and light
in the surface mixed layer becomes  sufficient. After the
spring phytoplankton bloom, phytoplankton biomass
declines and most of the biomass consists of small phyto-
plankton; nutrients are depleted and the water column is
stratified. Therefore, phytoplankton size structure across
various marine eco systems varies with the ocean physics,
which set the nutrient supply and irradiance to which
phytoplankton are exposed (Li 2002). Both fossil records
(Finkel et al. 2005, 2007) and recent observations
(Daufresne et al. 2009) indicate that the size of phyto-
plankton decreases with increased stratification due to
warming. Future climate change is believed to affect
phytoplankton size struc ture of marine ecosystems by
changing the ocean physics (Finkel et al. 2010). There-
fore, it is critical to develop models that predict the
changes in phytoplankton size structure with changing
oceanic conditions based on phytoplankton physiology
determined by cell size.

The metabolic theory of ecology predicts that under
optimal growth conditions the mass-specific metabolic
rate of living organisms is limited by their resource
transportation network which is scaled with mass with
the size-scaling exponent of –1⁄4 (West et al. 1997,
Brown et al. 2004). The size-scaling exponent of the
maximum growth rate (μmax) of phytoplankton
reported in the literature is not quite certain. The μmax

of phytoplankton is reported to be weakly size depen-
dent (Sommer 1989). There are also reports of size-
dependent μmax with the size-scaling exponent of μmax

being greater than –1⁄4 (Banse 1982, Blasco et al. 1982,
Tang 1995). Data on μmax compliled by Schlesinger et
al. (1981) show a lower size-scaling exponent of –0.32.
If picoplankton-sized cells are included, the largest
μmax is found in intermediate-sized cells, rather than in
smallest cells (Raven 1994). Under sub-optimal condi-
tions, phytoplankton growth is limited by resource
acquisition rather than by the transportation network,
and consequently, the size-scaling exponent of the
growth rate deviates from the –1⁄4 rule (Finkel et al.
2004). In the context of climate change, changes in
marine physics may alter the growth conditions of
phytoplankton, and thus the size-scaling exponent of
their growth. Understanding the changes in the size-
scaling exponent of phytoplankton growth in response
to changes in marine physics would be useful in order
to predict the changes in the size structure of the
phytoplankton community in the future ocean.

Mei et al. (2009) modeled size scaling of phytoplank-
ton growth based on size-dependent resource acquisi-

tion, using a Monod growth model. It is predicted that
the size-scaling exponent of the cell-specific growth
rate (μ) decreases in response to light and nutrient lim-
itation (Mei et al. 2009). The Monod growth model
assumes the Redfield C to N ratio (C:N) of resource
acquisition and that μ is only determined by an exter-
nal limiting resource level, without considering the
dynamic variation of the cellular nutrient quota. Its
applicability is limited to balanced growth conditions
(Grover 1991, Sunda et al. 2009). As a result, it predicts
that the smallest cells always out-compete larger cells
at equilibrium, as the growth rate is the highest for the
smallest cells. Phytoplankton nutrient quotas, e.g. of
carbon (QC) and nitrogen (QN), are known to vary with
light or nutrient availability, and the assimilation of C
and N are not always balanced (Goldman et al. 1979,
Falkowski 2000, Sterner & Elser 2002).

Phytoplankton growth is the result of 3 processes.
First, cells obtain energy and nutrients through photo-
synthesis and nutrient uptake. Then, the nutrient
obtained is stored in cells, resulting in an increased
nutrient quota. Finally, cells divide and assimilated
organic matter is transferred to new cells. This process
can be quantitatively described by a quota-dependent
growth model (Droop 1968, 1973) which describes the
non-linear relationship between μ and the cell quota
(Q) of the limiting nutrient and allows the Q to vary
dynamically with assimilation and growth (Droop
1968, 1973, Flynn 2008). Unlike the Monod model,
Droop’s quota-dependent growth model predicts that
large cells may not be out-competed by small cells in
an environment with a pulsed nutrient supply (Grover
1989, 1991, Tozzi et al. 2004); small cells dominate in a
nutrient-poor and stratified environment, and large
cells may flourish in a nutrient-rich upwelling ocean
(Irwin et al. 2006). Droop’s quota-dependent growth
model is expected to model the size scaling of phyto-
plankton growth more realistically than the Monod
model. For example, Verdy et al. (2009) reveal that
over the size range of 0.5 to 106 µm3, the highest μmax of
phytoplankton is in cells of an intermediate size range
instead of in the smallest cells, which is consistent with
observations (Raven 1994, Bec et al. 2008). However,
the above-mentioned variable cell quota models
(Grover 1989, 1991, Tozzi et al. 2004, Irwin et al. 2006,
Verdy et al. 2009) only consider limitation by a single
nutrient, nitrogen or phosphorus, without considering
light limitation.

The C:N stoichiometry of phytoplankton cells may
vary with taxonomic groups of different evolutionary
histories and with the growth environment (see Finkel
et al. 2010 for a review). In the water column, the envi-
ronmental gradient of light is opposite to that of nutri-
ents; the former declines, and the latter increases with
depth. Both carbon and nitrogen acquisition, subjected
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to different limitations at a given location, are size
dependent. Consequently, phytoplankton C:N stoi-
chiometry may be size dependent. The C:N stoichiom-
etry of phytoplankton cells has important conse-
quences for estimating the new production of C based
on nutrient supply, the nutritional value of phytoplank-
ton cells for their grazers (Jones et al. 2002, Jones &
Flynn 2005), and thus the food web structure, the re -
mineralization of particles and the dissolved inorganic
carbon to nutrient ratio in deep water. Future climate
change may alter the size structure of phytoplankton
communities in the surface ocean; however, there is a
lack of understanding about how the C:N stoichiome-
try of phytoplankton is linked to cell size (Allen &
Gillooly 2009).

Therefore, the first objective of the present study is
to investigate why the size-scaling exponent of μmax is
frequently higher than the –1⁄4 predicted by the meta-
bolic theory of ecology, and to investigate the causes
of variation in the size-scaling exponent of μ with
light and nutrient conditions under steady state, based
on Droop’s quota-dependent model of phytoplankton
growth. The size-dependent nutrient storage capacity
is an important trade-off between size-dependent
nutrient uptake and growth. A high nutrient storage
capacity is achieved by increasing the cell size, which
decreases the affinity to nutrients (Grover 1991, Litch-
man et al. 2007, Litchman & Klausmeier 2008). Com-
bining the allometry of these physiological rates in a
dynamic quota model will improve our ability to pre-
dict phytoplankton size structure under a range of
light and nutrient conditions.

The second objective is to simulate the variation in
both QC and QN with cell size with the quota-depen-
dent phytoplankton growth model in order to under-
stand how size-related photosynthesis and nutrient
uptake may affect the C:N stoichiometry of phyto-
plankton under different light and nutrient conditions.
This will provide insights into how changes in the
ocean environment and phytoplankton size structure
may affect the C and N cycles of marine ecosystems.

We will first model the size scaling of μ and C:N of
phytoplankton using Droop’s quota-dependent growth
model based on the empirical allometry of light and
nutrient acquisition rates (Shuter 1978, Aksnes & Egge
1991, Finkel 2001, Finkel et al. 2004, Litchman et al.
2007) and those of the minimum and maximum quota
(Shuter 1978, Thompson et al. 1991, Menden-Deuer &
Lessard 2000, Montagnes & Franklin 2001). Those
empirical allometries are only available for a limited
number of phytoplankton species, with a large degree
of uncertainty. Therefore, we explore how variation in
the empirical allometry of minimum and maximum
quotas affects the size-scaling exponents of μ and C:N
stoichiometry.

THE MODEL

Size scaling of phytoplankton growth and cell
quota. The size-dependence of phytoplankton growth
can be described as μ = aVb, where V (µm3) is cell vol-
ume, a is a taxonomic-dependent intercept, and b is
the size-scaling exponent. The size-scaling exponent b
is obtained by modelling μ of phytoplankton cells rang-
ing from 1 to 80 µm in diameter, the size range that
covers most of the phytoplankton groups in the ocean,
at a range of light and nutrient levels.

The growth of phytoplankton involves acquisition of
resources from the surrounding environment, conver-
sion of light energy into energy stored in organic car-
bon, assimilation of nutrients into cell biomass, and
division to make new cells. Therefore, Q changes
dynamically in the course of growth. In contrast to the
Monod model, which describes growth rate of microor-
ganisms as a function of external resource concentra-
tions, growth of phytoplankton is better described as a
function of the cell quota of the limiting nutrient
(Droop 1968, 1973):

(1)

where μi (d–1) is the cell growth rate limited by nutrient
i (i = C or N). Phytoplankton growth could be limited
either by light, which drives photosynthesis, carbon
fixation, and eventually variation in QC, or by nutri-
ents, which drive changes in QN. In the former carbon
quota, QC (mmol C cell–1) is the limiting internal nutri-
ent of growth, and in the latter nitrogen quota, QN

(mmol N cell-1) limits growth. The realized μ is mod-
elled as the minimum of light-limited, μC, and nutrient-
limited growth, μΝ, or, μ = min (μΝ, μC). The infinity
growth rate, μ∞, is the theoretical maximum growth
rate when Q is at infinity. Qmin (mmol cell–1) is the min-
imum quota, below which growth stops (Droop 1973).
It represents the nutrient content required for main-
taining survival and essential cell functions, such as
those used in membranes of various organelles and
genetic materials (Shuter 1978).

The quota-dependent growth model suggests that μ
increases asymptotically with the nutrient quota, to -
wards μ∞. This indicates that when the limiting nutrient
quota reaches a certain level, the cell division is no
longer limited by Q, but is ultimately limited by the
intrinsic nature of the cell, presumably the resource
transportation network, according to the metabolic
theory of ecology (West et al. 1997, Brown et al. 2004).
Therefore, we assume that the μ∞ of each size-class of
phytoplankton is determined by its resource trans-
portation network.

The size-scaling exponent of μ∞ can be prescribed as
–1⁄4, following the size scaling of the resource trans-

μ μi
i

i

Q

Q
= −⎛

⎝⎜
⎞
⎠⎟∞ 1 min,
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portation network (West et al. 1997, West & Brown
2005). However, this exponent is mostly derived for
higher plants and mammals, and no such theoretical
deduction has been made for phytoplankton yet (but
see Raven 1994, Raven & Kubler 2002, Finkel et al.
2004). Therefore, we do not intend to prescribe an ad
hoc size-scaling exponent of –1⁄4 for μ∞, but rather derive
it from Eq. (1) using empirical allometric relationships
for Qmax and Qmin. μ∞ can be approached, but never
reached, as Q is always < ∞. μ∞ and its size-scaling
exponent in Eq. (1) can be found through a practical
variable μmax (d–1), the realized maximum growth rate
which is defined as the growth rate when Q reaches its
maximum, Qmax, under saturated light and NO3, using
Eq. (1):

(2)

which gives

(3)

We assume that the numerator of the right-hand side
of Eq. (3) represents the maximum nutrient uptake rate
of the cell in steady state (Goldman & MacCarthy
1978), which can be scaled to cell volume with the
exponent 2⁄3 (Aksnes & Egge 1991, Litchman et al.
2007). When the size-scaling exponent of is
greater than (Table 1), nutrient storage capacity,
Qmax – Qmin, increases with cell size. μ∞ is taken as the
minimum of μ∞ based on Qmax and Qmin of C or N.

Therefore, when the size-scaling exponents of Qmax

and Qmin are known, the size-scaling exponent of μ is
determined by the size-scaling exponent of QC (under
light limitation), or QN (under nutrient limitation) at
equilibrium at a given NO3 and light level (Eq. 1). We
use empirical size-dependent photosynthetic carbon
fixation (PC, mmol C cell–1 s–1) (Morel & Bricaud 1981,
Finkel et al. 2004), inorganic nitrogen uptake (ρN,
mmol N cell–1 s–1) (Pasciak & Gavis 1974, Aksnes &

Egge 1991, Litchman et al. 2007), and nutrient storage
capacity ( – ) (Table 1) to model the size-
dependent QC and QN at equilibrium, and hence, the
size-scaling exponent of μ, at a range of light and nutri-
ent conditions. The size-scaling exponents of μ∞, μmax,
and μ, are calculated as the least square linear regres-
sion slopes of the log-transformed growth rates vs. log-
transformed cell volume.

Size scaling of QC and QN and size-dependent C:N
at equilibrium. QC varies with the input of C through
photosynthesis, PC, and loss of cellular C, including
output of C to new cells (μ · QC), and respiration associ-
ated with N assimilation at 2.33 mol C per mol N assim-
ilated (Raven 1984):

(4)

where t is time. If the term (μ ·QN·2.33) is ignored for
simplicity, QC at equilibrium, , can be expressed as:

(5)

varies with PC, as and μ∞ are known con-
stants. At extremely low light, PC approaches 0, then
approaches . Consequently, the size-scaling expo-
nent of approaches that of with decreasing
light.

Similarly, QN increases due to nitrogen uptake (ρN)
and decreases due to assimilation of N to new biomass:

(6)

QN at equilibrium, , is obtained as:

(7)

That is, QN varies with ρN, as and μ∞ are known.
Similar to PC above, under extremely low nutrient,
ρN approaches 0, and equilibrates toward that of
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Variable                          a                           Symbol                       Unit                             b                   Source

ρ’N                           aμmax·a                    a                mmol cell–1 s–1                           0.67                 Aksnes & Egge (1991)
k                                     0.1                              ak                     mmol N m–3                              0.33                 Litchman et al. (2007)

                       1.5 × 10–12                               a                 mmol N cell–1                            0.72                 Shuter (1978)
                      3.0 × 10–12                     a                 mmol N cell–1                   0.85                 Blasco et al. (1982)
                       9.9 × 10–12                     a                 mmol C cell–1                   0.72                 Assumed, see ‘Sensitivity test’
                     1.98 × 10–12                    a                 mmol C cell–1                   0.85                 Blasco et al. (1982)

ci                                           4.29 × 10–12                      aci                    mg chl cell–1             0.75 or 0.66          Finkel et al. (2004)
P ’max                       aμmax·a                     aPmax               mmol C cell–1 s–1                0.75                 Brown et al. (2004)

QC
max

QC
min

QN
min

QN
max

QN
max

QC
max

ρN
max

QN
min

QN
max

QC
min

QC
max

Table 1. Size-scaling parameters of nutrient uptake and photosynthesis, and cellular C, chlorophyll (chl) and N quota in the form
a ·V b. a and b: intercept and size-scaling exponent, respectively. V: cell volume in µm3. ρ’N: maximum nitrogen uptake, when ni-
trogen uptake is not limited by N:C; k: half saturation  constant; and : minimum quota of N or C, respectively; and

: maximum quota of N or C, respectively;ci: cellular chl content; P ’max: maximum photosynthesis when, photosynthesis is not 
limited by N:C; μmax: maximum growth rate

QN
min QC

min QN
max

QC
max
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. Therefore, the size-scaling exponent of QN

approaches that of with decreasing NO3. Under
saturated light and NO3, and will respectively
reach and .

The size-dependence of C:N stoichiometry is
obtained from the size-dependent QC and QN at equi-
librium. The size-dependent C:N stoichiometry is the
result of size-dependent resource (C and N) acquisi-
tion, assimilation, storage capacity, and growth rates,
and is affected by the availability of resources, such as
light and nutrient.

Size-dependent photosynthetic carbon fixation (PC)
and nutrient uptake (ρN). PC (mmol C cell–1 d–1) is a
hyperbolic function of irradiance (E, µmol photons m–2

s–1). PC increases nonlinearly with E until the maximum
PC (Pmax, mmol C cell–1 d–1) is reached at saturating
light:

(8)

where a (m2 cell–1) is the cell-specific light absorption
coefficient. The size-scaling exponent of PC is deter-
mined by that of Pmax, with the size-scaling exponent of
3⁄4 under saturating light (Finkel et al. 2004) and by light
absorption with the size-scaling exponent of 2⁄3 under
limiting light (Finkel et al. 2004). The φ reported in the
literature ranges from 0.02 to 0.1 mol C (mol photons)–1

depending on nutrient status and taxonomic groups
(Falkowski & Raven 2007). As our focus is on the size-
scaling exponent of PC, and variation in φ does not
affect the size-scaling exponent of PC, a constant φ of
0.03 mol C (mol photons)–1 is assumed for simplicity,
because this value has been observed in waters of a
wide range of trophic status (Falkowski & Raven 2007).

The cell-specific light absorption coefficient (a) is
computed following Finkel et al. (2004), taking into
account the size-dependent package effects of photo-
synthetic pigment (chlorophyll, chl) (Morel & Bricaud
1981). The package effect, which increases with cellu-
lar chl concentration and cell diameter, decreases the
light absorption efficiency of photosynthetic pigments
(Morel & Bricaud 1981). The size-scaling exponent of
cellular chl content (ci, mg chl cell–1) varies from 0.75
when growing at saturated light to 0.66 at limiting light
due to the trade-off between the benefits of light
absorption and the cost of pigment synthesis (Finkel et
al. 2004). However, for simplicity, the size-scaling
exponent of ci is taken as 0.75 and 0.66 for saturated
and limiting light, respectively (Table 1). ci also varies
with irradiance due to photoacclimation, with chl
decreasing exponentially with increasing E. Therefore,
the intercept of the allometric relationship of ci is
downregulated with increasing E, following Behren-
feld et al. (2002), who compiled light-dependent varia-
tion of ci based on a reasonably large dataset:

(9)

where aci is the intercept, and bci, the size-scaling
exponent.

Nutrient uptake rate (ρN) is formulated as a Monod
equation describing the hyperbolic relationship
between nitrate (NO3, assumed to be the sole inorganic
nitrogen source) and ρN:

(10)

where k (mmol NO3 m–3) is the half-saturation con-
stant, and (mmol N cell–1 s–1), is the maximum
nutrient uptake rate. The Monod equation predicts
that under saturating nutrients, ρN is determined by the
maximum number of nutrient uptake sites on the cell
surface, and ∝V

2⁄3 (Aksnes & Egge 1991, Litch-
man et al. 2007), and is determined by k under limiting
nutrient concentrations. k is related to the thickness of
the boundary layer surrounding the cell surface, which
is approximately the same as the diameter of particles
in the phytoplankton cell size range. Therefore, k is
scaled with cell volume with the exponent 1⁄3 (Aksnes &
Egge 1991, Litchman et al. 2007) (Table 1). Accord-
ingly, the size-scaling exponent of ρN ranges from 2⁄3 to
1⁄3, depending on whether phytoplankton cells are
nutrient saturated or limited.

In order to maintain Q between Qmax and Qmin, Pmax

and are regulated with the term ,

where n = 0.1 is a shape parameter, and decrease non -
linearly with increasing QC and QN, respectively. In
addition, Pmax and ρmax are also regulated by the feed -
back between C and N metabolisms. This feedback
is established through the simplified N:C-dependent
regulation terms for Pmax and following Geider
et al. (1998), based on the fact that photo synthesis re -
quires N-rich enzymes and photosynthetic machinery,
whereas nutrient uptake requires energy stored in
organic carbon during  photosynthesis. The N:C-depen-

dent regulation term for Pmax is , 

and that for is , where

N:Cmin (=0.034) and N:Cmax (=0.17) are minimum and
maximum N:C ratios, respectively. That is,

(11)

(12)

where P’max and ρ’N are respectively the Pmax and
when they are not limited by N:C, and Q is signifi-
cantly less than Qmax. This treatment is essential to
keep Q in the boundary between Qmax and Qmin, and
within the boundary of N:Cmin and N:Cmax, but does
not affect the size-scaling exponent of μ, as it serves to
control the assimilation of the element in extra supply
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relative to the limiting element, and μ is determined by
the quota of limiting element.

Sensitivity test. The theoretical value of size-scaling
exponents of , and k are consistent with observa-
tions (Aksnes & Egge 1991, Hein et al. 1995, Harrison
et al. 1996, Finkel et al. 2004, Litchman et al. 2007). In
contrast, there are significant uncertainties with ,
which varies from 0.83 to 1 in the literature (Thompson
et al. 1991, Verity et al. 1992, Montagnes et al. 1994,
Montagnes & Franklin 2001), and . There are few
data available for (Shuter 1978, Litchman et al.
2007). We are not aware of any report on and its
size scaling. We assume the size-scaling exponent of

is the same as that of , as the biochemical
compositions of structural materials are expected to be
relatively invariant across phytoplankton of various
size classes (Allen & Gillooly 2009). This is supported
by the dataset of Shuter (1978), which shows that the
size-scaling exponent of is the same as that of

, the minimum phosphorus quota. Sensitivity tests
of the size-scaling exponents of Qmin and Qmax were
conducted by changing the size-scaling exponents of
maximum QC and QN or minimum QC and QN simulta-
neously to understand how the size-scaling exponent
of μ is affected by those uncertainties. We also looked
at the effects of the proportion of Qmin relative to Qmax

on the size-dependence of μ.
Batch culture simulation. In the above simulations,

we did not examine the dynamic responses of phyto-
plankton growth to changing resource availability, for
the convenience of obtaining steady-state solutions.
However, we did conduct 2 batch culture simulations,
in which light was attenuated by phytoplankton bio-
mass and NO3 depleted with phytoplankton growth, to
show the transition of size-dependent growth in re-
sponse to the dynamic variation of light and NO3. The 2
batch culture simulations differed in photosyntheti-
cally active radiation at the surface of the incubator (=
PAR0) and the initial condition of NO3. In the first batch
culture simulation, PAR0 was 100 µmol photons m–2 s–1,
and initial NO3 was 100 mmol m–3. The culture moved
from saturated light and NO3 to saturated NO3, but
with limiting light. In the second batch culture simula-
tion, PAR0 was 500 µmol photons m–2 s–1 and initial NO3

10 mmol m–3, so that the culture moved from saturated
light and NO3 to saturated light but limiting NO3. Bio-
mass-specific light attenuation (kN) was set to 0.10 m–1

(mmol N)–1, including attenuation by media, assuming
the light was measured at 1 m depth of the culture.

The dynamics of cell abundances is:

(13)

where m is mortality of 0.1 d–1, and celli is the cell abun-
dance of each size class. Then, the dynamics of NO3 is:

(14)

Total nitrogen biomass at time t, N(t), is the product of
cell abundance, cell(t) and QN at time t, QN(t):

(15)

Finally, the light (PAR) in the culture is:

(16)

RESULTS

Phytoplankton experience light and NO3 levels that
vary dynamically in the ocean. Their growth can be
limited by light or NO3. We examined the size scaling
of phytoplankton growth and C:N stoichiometry at sat-
urated and limiting light and NO3 conditions.

Size-scaling exponents of μ∞ and μmax

Variations in size-dependent QC, QN, μ and C:N ratio
with light ranging from saturation to limitation at satu-
rated NO3 are shown in Fig. 1. With the standard para-
meters defined in Table 1, the size-scaling exponent of
μ∞ is –0.24. We define μmax as μ at saturated light and
NO3, when QC and QN reach their maximum (Fig 1a,b)
(Eq. 2). At saturated light and NO3, QC and QN reach
their maximum, as defined by the literature (Blasco et al.
1982, Menden-Deuer & Lessard 2000). Therefore, μ for
all the size classes at an irradiance of 320 µmol photons
m–2 s–1 and a NO3 concentration of 100 mmol m–3 are
taken as μmax (Fig. 1c). The size-scaling exponent of μmax

of phytoplankton is –0.17 (Fig. 2).
The size-scaling exponent of μmax is higher than that

of μ∞; that is, μmax is less size dependent than μ∞. μmax is
close to μ∞ for the largest cell studied, and the difference
between μ∞ and μmax increases with decreasing size
(Fig. 1d). According to Eq. (2), the distance between
μmax and μ∞ is determined by the difference between
Qmin and Qmax. When the difference between Qmin and
Qmax is small, the difference between μ∞ and μmax is
large. As the size-scaling exponent of Qmax is larger
than that of Qmin, the difference between Qmin and Qmax

increases with cell size. Therefore, the difference be-
tween μ∞ and μmax decreases with increasing cell size.

Size-scaling exponent of μ and C:N stoichiometry
under limiting light

According to Eq. (1), μ is limited by either QC or QN,
whichever is closer to Qmin. Under limiting light, QC is
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closer to than QN to in all size-classes
(Fig. 1a,b). With decreasing light, QC decreases to -
wards as predicted by Eq. (5), while QN slightly
de creases. This slight decrease in QN is caused by a
reduced nutrient uptake resulting from limitation by
QC, as is regulated by the N:C ratio (Eq. 12).

When μ is limited by light, μ  = PC/QC in steady state.
The size-scaling exponent of μ is the difference
between the size-scaling exponents of PC and equilib-
rium QC. When light decreases from 320 to 5 µmol pho-
tons m–2 s–1, the size-scaling exponent of PC slightly
decreases from 0.72 to 0.67 (Fig. 2a) due to changes in
the size-scaling exponent of ci and associated pigment
package effects (Finkel & Irwin 2000, Finkel et al.
2004, Mei et al. 2009), while the size-scaling exponent
of QC decreases from 0.87 to 0.77 (Fig. 2a), with QC of
smaller cells closer to than larger cells (Fig. 1a).
This gives rise to an increased size-scaling exponent of
μ with decreasing light (Fig. 2a). That is, μ is less size

dependent in limiting light than in saturating light
(Fig. 1d).

The C:N stoichiometry of phytoplankton cells is the
ratio between equilibrium QC and QN at different light
levels. Under saturated light and NO3, the size-scaling
exponent of equilibrium QC is slightly higher than QN,
leading to a slightly increased C:N with cell size.
Under limiting light, QC decreases more than QN, and
the size-scaling exponent of equilibrium QC is the
same or slightly lower than that of QN. Therefore, C:N
is less size dependent under limiting light than under
saturating light (Fig. 1c & Table 1).

Size-scaling exponent of μ and C:N stoichiometry
under limiting NO3

Under saturating light, when NO3 decreases from
saturation (50 mmol m–3) to limiting (0.05 mmol m–3),
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QN decreases towards , as predicted by Eq. (7)
(Fig. 3b). QC decreases slightly with NO3 (Fig. 3a) due
to PC being limited by QN (Eq. 11) (Fig. 3a). This results
in an increased C:N ratio with decreasing NO3 for each
size-class, and an increased C:N with cell size (Fig. 3c),
since the size-scaling exponent of QC is greater than
QN at equilibrium (Fig. 3a,b).

Under NO3 limitation, μ is limited by QN, and hence
μ  = ρN/QN in steady state. Therefore, the size-scaling
exponent of μ is the difference between the size-scal-
ing exponents of ρN and equilibrium QN. Under limit-
ing nutrient, ρN is limited by diffusion of nutrients from
media to cell surface (Eq. 10), and the size-scaling
exponent of ρN decreases to 0.37, while the size-scaling
exponent of QN  at equilibrium approaches that of .
Therefore, the size-scaling exponent of μ decreases
from –0.17 under saturating light and nutrient, to –0.34
under saturating light but limiting nutrient. That is, μ

of larger cells decreases more than
smaller cells in response to decreasing
NO3 (Figs. 2b & 3d). This is in contrast
to light limitation, where the size-scal-
ing exponent of μ increases with de -
creasing light (see ‘Size-scaling expo-
nent of μ and C:N stoichiometry under
limiting light’).

Sensitivity of the size-scaling
 exponent of μ to Qmin and Qmax

According to Eqs. (1) and (3), the size-
scaling exponents of Qmax and Qmin

affect the size-scaling exponent of μ.
So far, we have used empirical  size-
scaling relationships for Qmin and Qmax

from the literature (Table 1) to predict
the size-scaling exponent of μ. The pro-
portion of Qmin in Qmax and the size-
scaling exponents of Qmin and Qmax vary
with taxonomic groups. Therefore, we
in vesti gated the sensitivity of the size-
scaling exponent of μ to the variations
in the proportion of Qmin in Qmax and the
size-scaling exponents of Qmin and Qmax.

The sensitivity of size-dependent μ to
variations in and were tested
under saturating light and NO3. is
increased by changing the C:N ratio of
Qmin, with being fixed, based on
observations that some taxonomic
groups of phytoplankton are more car-
bon-rich than others (e.g. Menden-
Deuer & Lessard 2000, Montagnes &
Franklin 2001). By increasing the C:N

ratio of Qmin, more carbon is needed for cell survival
and integrity of cell function at a given , and less
carbon is available for synthesizing new biomass.
Increasing reduces the μmax of all size-classes, but
the μmax of smaller cells (1 to 5 µm) is reduced more
than that of larger cells (Fig. 4a). Increasing the
reduces a greater proportion of the nutrient storage
capacity of smaller cells than that of larger cells, and
thus, a greater proportion of the μmax of smaller cells is
reduced than of larger cells. Similarly, when is
fixed, the μ of smaller cells decreases with increasing

(Fig. 4b).
The sensitivity test for the size-scaling exponent of

Qmin is conducted under limiting light (10 µmol photons
m–2 s–1) but saturating NO3. The size-scaling exponent
of both and are changed simultaneously,
assuming that the C:N ratio of structural materials is
not size dependent. Increasing the size-scaling expo-
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nent of Qmin increases the nutrient re quired for survival
and cell integrity and reduces the nutrient storage
capacity of cells >1 µm–3. As a result, the size-scaling
exponent of μmax decreased, and that of μ∞ increased
(Fig. 5a). Under saturating light, cell quotas equilibrate
towards Qmax; the size-scaling exponent of μmax only
slightly changes with that of Qmin (data not shown).

The sensitivity of the size-scaling exponent of μ to
the size-scaling exponent of Qmax is tested under satu-
rating light and nutrient, as QC and QN equilibrate
towards Qmax. The sensitivity test is conducted by
changing the size-scaling exponents of and
simultaneously, assuming the C:N ratio is not size
dependent when cells are growing at saturating
resources. The size-scaling exponent of μ is deter-
mined by that of Qmax under saturated light and nutri-
ents. Increasing the size-scaling exponent of Qmax

reduces the size-scaling exponents of both μ∞ and μ,
as the size-scaling exponent of nutrient acquisition is
not changed with that of Qmax (Fig. 5b).

Batch culture simulation

When the phytoplankton are cultured under low
light (100 µmol photons m–2 s–1) but high NO3, NO3

remains saturated before PAR becomes limiting (Fig.6
a,b). With decreasing light due to attenuation by
phytoplankton biomass, μ of all size-classes decreases.
During transition, μ of smaller cells decreases more
than larger cells. When approaching steady state, μ of
larger cells decreases, and is lower than smaller cells.

When the phytoplankton are cultured under high
light, but low initial NO3, NO3 is depleted before PAR
is further decreased to light limitation (Fig. 6c,d). μ of
phytoplankton decreases with decreasing NO3 for all
size-classes. Similar to Fig. 6a,b, the μ of smaller phyto-
plankton decreases more than that of larger cells dur-
ing transition. When approaching steady state, μ
decreases with increasing cell size. Compared to light-
limited culture (Fig. 6a,b), under NO3-limited culture,
μ decreases more with increasing cell size when
approaching steady state.

DISCUSSION

We used Droop’s quota-dependent phytoplankton
growth model to predict size scaling of phytoplankton
growth in order to understand how resource acquisi-
tion, nutrient storage and the resource transportation
network regulate the size scaling of phytoplankton
growth under various light and nutrient conditions.
Embedding the size-dependent bio-physical processes
(including light-harvesting, photosynthesis and nutri-
ent uptake) into a quota-dependent phytoplankton
growth model allows size scaling of phytoplankton
growth to emerge at various light and nutrient condi-
tions of the ocean.

The size-scaling exponent of μmax (–0.17) obtained
based on the empirical allometric relationships for
resource acquisition and cellular nutrient contents
(Table 1) is higher than –1⁄4, but agrees with the size-
scaling exponents of μmax for phytoplankton reported
in the literature (Banse 1976, Blasco et al. 1982, Tang
1995). The size-dependent difference between μmax

and μ∞ is attributed to the fact that the proportion
Qmin:Qmax increases with decreasing cell size. That is,
for smaller cells, only a relatively small amount of
stored nutrient is available for synthesizing essential
cell materials, such as genetic materials in the genome
and cell membranes (Qmin), which do not decrease
indefinitely with cell size (Raven 1994). Those non-
scalable materials occupy a relatively large percentage
of cell space in small cells and prevent their μ from
increasing to the potential maximum growth rate
determined by cell size (Raven 1994). If μ∞ is deter-
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mined by the resource transportation network, then
the resource transport network of small cells may not
be saturated by limited nutrient stored in the cells.
Therefore, we hypothesize that μmax of small cells is
limited by the nutrient storage capacity under satu-
rated growth conditions. As the nutrient storage capac-
ity increases with cell size, μmax gets closer to the μ∞ set
by the resource transportation network. Therefore, the
size-scaling exponent of μmax (–0.17) is higher than that
of μ∞ (–0.24).

The –1⁄4 power law of the mass-specific metabolic rate
at saturated resources is based on the fractal structure
of the resource transportation network of multicullar
plants and mammals (West et al. 1997, Brown et al.
2004, West & Brown 2005). There is an ongoing debate
over whether the resource transportation network

obeys the rule of fractal structure or Euclidean struc-
ture (West et al. 1997, Dodds et al. 2001, West & Brown
2005). The former suggests the –1⁄4 power size scaling,
and the latter the –1⁄3 power size scaling. The size-scal-
ing exponent of μ∞ in  the present study is close to –1⁄4.
However, that is not sufficient to prove that the
resource transportation network in phytoplankton also
has fractal structure, since the size-scaling exponent of
μ∞ varies with the size-scaling exponents of Qmax and
Qmin (Fig. 5). The size-scaling exponent of the trans-
portation network may vary among different phylo-
genic groups of phytoplankton at the cellular level. For
example, the size-scaling exponent of for dinofla-
gellates is 0.85 (Menden-Deuer & Lessard 2000), and
for diatoms it ranges from 0.81 (Montagnes & Franklin
2001) to 0.87 (Blasco et al. 1982). Hence, the  size-
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scaling exponent of μ∞ or the transportation network
may differ between the 2 groups of phytoplankton.
There may be other factors contributing to the varia-
tions in size scaling of the resource transportation net-
work that need to be considered (West & Brown 2005).

With a Monod-type model, it is predicted that the
size-scaling exponent of μ decreased from –0.25 to
   –0.33 when light decreased from saturated to a limiting
level (Mei et al. 2009; their Figs. 3a & 6a). The present
model takes into account the fact that cell-specific
nutrient quotas decrease with increasing cell size and
nutrient quota changes with light and nutrient condi-
tions. Consequently, contrasting responses of size scal-
ing of μ to decreasing light is predicted. This result
agrees with the observations of Schlesinger et al.
(1981), who showed that growth rate was less size
dependent under limiting light than under saturated
light. The authors attributed this to cell-specific respi-
ration, which decreases with increasing cell size.
Under low light, the proportion of respiration in gross
photosynthesis decreases with increasing size. There-
fore, smaller cells do not have a growth advantage over
larger cells under limiting light (Laws 1975, Banse
1976). It is possible that size-dependent respiration
may contribute to the reduced growth advantage of
smaller cells over larger cells under limiting light.
However, for simplification, we did not consider respi-
ration, except for respiration associated with NO3

assimilation in our model. Even when respiration asso-
ciated with NO3 assimilation was set to 0 in Eq. (4),
growth rate was still less size dependent under limiting
light than under saturated light (data not shown).

Our model reveals that under limiting light, the size-
scaling exponent of is slightly higher than that of

(Fig. 1a). That is, the PC of larger cells produce
more extra carbon beyond the essential structural
materials than smaller cells, since the volume-specific
amount of essential materials (Qmin) decreases with
increasing cell size. Therefore, the growth advantage
of smaller cells over larger cells decreases with
decreasing light. This supports the prediction of Raven
(1994) that small cells do not have a growth advantage
over larger cells under limiting light because a rela-
tively larger fraction of the cell volume of small cells is
taken up by structural materials, and they, therefore,
have less space than larger cells to store the photosyn-
thetic machinery needed to increase photosynthesis.
For the same reason, when the size-scaling exponent
of Qmin is increased, that is, the cell-specific structural
materials are increased and nutrient storage capacity
is decreased for cells >1 µm3, then the size-scaling
exponent of μ decreases (Fig. 5a). In other words, small
cells have an advantage over larger cells under low
light if the Qmin and nutrient storage capacity is not size
dependent. This is the same prediction as in the

Monod model (Mei et al. 2009). Therefore, the Monod-
type model is a special case of a quota-dependent
growth model under limiting light.

Alternatively, under saturated light and NO3,
increasing Qmin by a constant factor without changing
the size-scaling exponent of Qmin for all size-classes
decreases the nutrient storage capacity of cells of all
size classes. This decreases μmax of small cells more
than that of larger cells, and shifts the highest μmax to
cells of 2 µm diameter, instead of the smallest cells
(Fig. 4). This pattern of size-dependent growth has
been frequently observed (Chisholm 1992, Raven
1994, Bec et al. 2008). Therefore, our model shows that
a size-dependent nutrient storage capacity can simu-
late such a pattern of a size-dependent maximum
growth rate, without prescribing an ad hoc size-depen-
dent maximum growth rate as in other works (e.g.
Jiang et al. 2005) if a realistic Qmin is defined.

In contrast to light limitation, our model predicts that
the size-scaling exponent of μ decreases with nutrient,
or small cells have an advantage over larger cells
under nutrient limitation when light is not limiting.
The size-scaling exponent of PC is higher than
under limiting light, but the size-scaling exponent of
PN is lower than that for , which is close to that of
the structural materials ( ), under limiting nutrient
(Fig. 3b). That is, the nutrient acquisition relative to the
demand for structural materials is increasingly limiting
with increasing cell size under limiting nutrient condi-
tions. Thus, the extent of nutrient limitation increases
with cell size, and the size-scaling exponent of μ
decreases with nutrient concentration. Therefore, not
only does the resource limitation change the size-scal-
ing exponent of phytoplankton growth from the size-
scaling exponent set by the resource transportation
network (Finkel et al. 2004, Mei et al. 2009), but the
size-dependent volume-specific structural materials,
the nutrient storage capacity, and the limitations set by
different resources (light or nutrients) also have differ-
ent effects on the size-scaling exponent of μ. In the
future, the model should be extended to other im -
portant elements, such as phosphorus. Phosphorus
 limitation has important consequences for cell division
(Müller et al. 2008), and thus may have different effects
on the size scaling of phytoplankton growth.

Our model predicts the changes in phytoplankton
size structure over vertical light and nutrient gradients
in a typical stratified water column, or over an inshore–
offshore horizontal gradient. At the surface, phyto-
plankton are light saturated but nutrient limited and
will be dominated by small cells, but farther down the
water column, nutrient concentration increases while
light becomes limiting. Phytoplankton growth will be
less size dependent, and larger cells will less likely be
outcompeted, or it should take longer for small cells to
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outcompete larger cells under light-limited conditions,
favouring the coexistence of large and small cells in
the water column, if grazing, advection and sinking are
excluded. In a mesocosom experiment, Daufresne et al.
(2009) observed that the size dependence of the phyto-
plankton biomass decreased with the light level of the
water column. Similarly, across a horizontal trophic
gradient, the size–biomass spectrum would be less
steep in a coastal, eutrophic ocean than in offshore,
oligotrophic oceans (Li 2002, Irwin et al. 2006).

Under dynamic conditions, the size-dependent
responses of μ to light and nutrient supply could be
more complicated than in the steady state, as illus-
trated in Fig. 6. With the depletion of nutrients and
light with time, the μ of small cells decreases immedi-
ately, while the decrease in μ for larger cells is delayed
because of the utilization of nutrient stored in the cells.
This explains why large cells may not be outcompeted
by small cells when nutrients are periodically supplied,
and phytoplankton blooms of large cells are observed
in nutrient-rich upwelling regions (Grover 1991, Irwin
et al. 2006).

The C:N ratio of phytoplankton varies with the phy-
logenic groups and growth conditions, as the propor-
tions of the various cellular components with different
C:N, such as the resource acquisition machinery,
growth machinery, and genetic materials, vary with
taxonomic groups and growth conditions (Geider &
LaRoche 2002). The present study shows that under
given growth conditions, C:N also varies with cell size.
Goldman et al. (1979) and Goldman (1986) showed that
the Redfield ratio could only be obtained when nutri-
ent was not limiting relative to a given irradiance level.
Our model results agree with their observations (Fig.
1). The differences in the size-dependent C:N variation
between limiting light and limiting nutrient conditions
are related to the differences between the size scaling
of PC and ρN under limiting light and nutrient condi-
tions, respectively. The size-scaling exponent of PC

under light limitation is higher than that of ρN under
NO3 limitation. Therefore, under light limitation, C:N
is less size dependent, while under NO3 limitation, C:N
increases with cell size (Fig. 3). If future climate
change scenarios select for smaller cells due to
increased stratification, and reduced nutrient supply
(Daufresne et al. 2009, Finkel et al. 2010), the C:N of
the phytoplankton community will increase, and the
extent of the increase will be determined by the size
structure of the phytoplankton community. C:N of
phytoplankton biomass has been suggested to affect
assimilation efficiency of zooplankton grazers (Jones et
al. 2002, Jones & Flynn 2005), and thus export through
fast-sinking zooplankton fecal pellets. Therefore,
phytoplankton size structure, along with their size-
dependent C:N ratio, affects trophic interaction

between autotrophs and heterotrophs and export of
organic carbon.

By integrating the size-dependent resource acquisi-
tion and metabolism with ecological stoichiometry, we
could better predict the elemental stoichiometry of the
phytoplankton community, nutrient cycling and export
to the ocean interior, based on phytoplankton size
 structure (see Allen & Gillooly 2009, for example). This
model embeds size-scaled resource acquisition, nutrient
 storage capacity, resource transportation network, and
feedback between C and N metabolism into Droop’s
quota-dependent phytoplankton growth model, con-
necting the size-scaled growth to the stoichiometry of
the phytoplankton community under various growth
conditions. The model can be further extended to in -
clude other nutrients, such as phosphorus and trace
metals, to predict the phytoplankton size structure, size-
dependent elemental stoichiometry of those nutrients,
and nutrient cycling in various environmental condi-
tions.

As the size-dependent growth model presented here
is able to simulate realistic size-dependent growth and
variable C:N stoichiometry under a large range of nu-
trient and light conditions, this model can be coupled
with Ocean General Circulation Models to predict the
size structure of the phytoplankton community and C
and N cycling of the global ocean forced with realistic
ocean physics, after some parameters are tuned (e.g.
Baird & Suthers 2007). The advantage of such a
coupled model is that it can simulate many groups of
phytoplankton over a large size range with few para-
meters that can be constrained by known size-scaling
rules of physiological rates and some taxon-specific in-
tercept of the allometric relationships (Thingstad et al.
2005). For such models to simulate a realistic size struc-
ture of the phytoplankton community in the ocean, we
need more data on some critical parameters, such as
the Qmin and Qmax of C and N, in order to reduce the
model uncertainty. Sensitivity tests show that those pa-
rameters are critically important in determining the
size-scaling exponent of phytoplankton growth, and
thus the size structure in the ocean (Fig. 5).

CONCLUSIONS

We simulated the effects of light and nutrients on the
size scaling of phytoplankton growth using a quota-
dependent phytoplankton growth model based on
empirical size-dependent resource acquisition, nutri-
ent storage capacity, and the resource transportation
network. The simulated size scaling of phytoplankton
growth under light and nutrient limitation is consistent
with field and lab observations. Though there is un -
certainty with some empirical size-scaling parameters,
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such as Qmin and Qmax, the success of the model sug-
gests that resource acquisition and nutrient storage
capacity are the main factors determining the size scal-
ing of growth under various light and nutrient condi-
tions. The deviation of the size-scaling exponent of
μmax from the universal exponent of –1⁄4 is due to the
size-dependent nutrient storage capacity relative to
the essential structural materials required to sustain
their survival, with small cells being more limited by
nutrient storage than larger cells.

The variation in the C:N ratio of the phytoplankton
community is not only determined by growth condi-
tions, such as the availability of light and nutrients, but
also by cell size. The size-dependence of C:N differs
between light limitation and nutrient limitation and is
caused by the differences in the size-scaling exponent
between PC and ρN, relative to the size scaling of the
minimum quota of C and N, respectively. There is a
strong connection between changes in the size struc-
ture of the phytoplankton community and the C:N stoi -
chiometry of phytoplankton biomass, and hence, car-
bon and nitrogen cycles in marine ecosystems may be
changed by phytoplankton size structure in response
to future climate change.
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